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Abstract 



We show that the quantized free relativistic point particle is equivalent 
to a classical string in a Clifford Space which generates the space-time 
Cu I coordinates through its inner product. The generating algebra is preserved 

by a unitary symmetry which becomes the symmetry of the quantum 

states. We start by resolving the space-time canonical variables of the 

point particle into inner products of Weyl spinors with components in 

^/^ ■ a Clifford algebra. Next, we build a dynamical system of A*' particles 

which has a U{N) symmetry that mixes the coordinates and momenta 
belonging to different particles. The reverse problem is formulated in 
J.—S ' terms of the commutation relations [X, P] = ik. For k = Q , the system 

^b I can be gauged back into a system of independent particles. For fc 7^ , 

the system becomes an irreducible and infinite system of coupled particles 
and generates a space-time canonical system formally identical to that 
of Matrix Mechanics. The continuum limit is identified as a particular 
parametrization of a relativistic string in Clifford Space. 



1 Introduction 



C^ , There are two reasons why Clifford algebras are interesting for a deeper un- 

derstanding of the relationship between Quantum Mechanics and space-time 
structure. The first one is that in even dimensions they come with a built-in 
unitary symmetry in their generating algebra which can serve as a basis for 
the unitary symmetry of quantum states. This is the subject matter of this 
paper. The second reason, as argued in [T], is that Quantum Mechanics can 
be understood as a local theory on such a non-commutative space. This re- 
solves the apparent paradox that Quantum Mechanics, though formulated as a 
local theory, shows non-local behavior. We shall briefly elaborate on this second 
point. 



'Bollerisvej 8, 3782 Klemensker, Denmark. 



Unlike other statistical theories, Quantum Mechanics employs probabilities 
that are not primary quantities, but are expressed in terms of underlying linear 
complex amplitudes. When applied to experiments like the single particle double 
slit experiment, this leads to interference terms in the probabilities which signal 
an apparent non-local behavior. This does not show that Quantum Mechanics 
per se is non-local, only that it is non-local with respect to Space-Time (or any 
equivalent commutative space). If Space-Time was generated by an underlying 
space with the structure group SL{2.C), it is not difficult to imagine that the 
double homomorphism SL{2.C) =| 50(1.3) would permit a local interpretation 
of the interference terms. For mathematical reasons such a space would neces- 
sarily have to be non-commutative and therefore Bell's theorem [2] would not 
apply. In [IJ we studied a model of this kind. The space-time coordinates x^ 
of the relativistic point particle were resolved into spinors with components in 
a Clifford algebra according to 

where a are the Pauli matrices, c transforms like a two-component Weyl spinor 
and • is the inner product of the Clifford algebra. The easiest way to understand 
how this can affect locality is to consider the transition amplitudes in terms of 
paths in Clifford Space. In pT] we showed that, in a suitable parametrization, 
the simplest possible classical trajectories for the relativistic point particle are 



c 



^^a^T, xf" = 6^t2 ,TeR (1) 



The trajectories in Clifford Space cover the trajectories in Space- Time twice 
with c{t) and c{—t) corresponding to the same space-time point x(t^). We 
assumed that this would also apply during a measurement. In the quantum 
regime, however, paths are not restricted in this way and can contain points 
corresponding to different positions in space at the same proper time t^. When 
in the double slit experiment a particle travels from one point to another through 
two slits, there are only two alternative sets of paths in Space-Time but four 
alternative sets of paths in Clifford Space. The transition amplitude in Clifford 
Space is the sum of four parts and is identical to the Space-Time transition 
probability. The two interference terms in the transition probability are simply 
the amplitudes for the particle to travel along a path in Clifford Space which 
passes through both slits at opposite values of t. According to this view, the 
resolution of the locality problem follows from the topology of the Lorentz group 
and is implemented by a non-commutative representation. 

The Clifford model differs from conventional space-time physics in that the 
world line of a particle cannot be extended into both the infinite past and the 
infinite future as measured in proper time. In Space-Time, the endpoint of 
the trajectory would appear as a singular point, but in Clifford Space it merely 
represents a 'turning point' where the space-time trajectory is being reproduced 
for the second time. 



2 Mathematical preliminaries 

Throughout this paper, we shall make use of the connection between real four- 
vectors and second-rank hermitian spinors 

^/M^i^M T/^S yAB^AByi. (2) 

2 AB ' M \ -' 

where cr^j are the four hermitian Pauli matrices. 

It is well known that a null vector can be resolved into a product of two 
Weyl spinors 

x^^^c^.c*^, a;^a;^ = (3) 

To resolve non-null vectors, we need something like 

x^^ = c^ . c*^ (4) 

where • is a product which belongs to some non-commutative algebra. This 
problem can be compared to the somewhat similar problem of resolving the 
Lorentz metric rj^^ into vectors. The well known solution is rj^^ = ^{7^,71/} 
where the Dirac matrices 7^ generate the Clifford algebra CZ(1, 3,R). The com- 
ponents of any real symmetric 4x4 matrix of signature (1,3) can therefore 
be expressed as the inner products (anti-commutators) of vectors (real linear 
combinations of 7 matrices) belonging to C/(1,3,M). Real Clifford algebras are 
associated with real quadratic forms, but there is no similar connection between 
hermitian sesquilinear forms and complex Clifford algebras CZ(C). Instead we 
must use even-dimensional real Clifford algebras written in complex form. Con- 
sider a future directed time-like vector x'^. A unitary transformation followed 
by a non-uniform scaling can reduce x to a diagonal matrix with ones in the 
diagonal and can be effected by a suitable linear transformation of c^ so that 
((4]) becomes 

a* c* = Sij (5) 

This can be compared to the algebra of creation and annihilation operators for 
two fermions 

{a,;,aj} =(5y • 1, {a,;,aj} = 0, i,j = 1,2 (6) 

Defining e.^ = i{a.- + a]) , e2+i = a,; — a] , i = 1,2 , the commutation relations 
^ become 

{e^, ej} = -2(5y , z, j = 1, . . . , 4 (7) 

which generate the Clifford algebra CZ(0,4, i?). This suggests that a solution 
to ^ would be to use spinors with values in CZ(4,4,M) and to let • be the 
inner product (anti-commutator) of this algebra. Since any null vector can be 
created by letting c contain only a single generator (giving ([3])), we don't need 
to extend C/(4,4,R) to a degenerate algebra. This expectation is borne out by 
the following proposition 



Let Vc be a 2n- dimensional complex linear space with complex con- 
jugation * and H an nx n Hcrmitian matrix of arbitrary signature. 
Then the components of H can be expressed as 

Hij = Ci • c* , Ci • Cj = , i, j = 1, . . . , n 
where Ci belong to Vc and • is the inner product 

au b = -ia, b} 

of the Clifford algebra Cl{2n, 2n, M) on the An dimensional real linear 
space Vr which corresponds to Vc ■ 

Proof. Let Ci, fi, i — 1, . . . ,n he a basis for Vc and gi = i{ei + e*), gn+i = 
Bi - e*, hi = i{fi + /*), hn+i ^ fi- ft,i = '^,-- -n & basis for Vr . Let gi and 
hi generate the Clifford algebra Cl{2n, 2n, R) on Vr through 

0,iJ = l,...,2n (8) 



m • 9] 


= 2Sij , hi • hj = —2Sij , 


5^ 


• ^j 


Then the basis 


ei, fi for Vc satisfies 






Ci • e* = 


-St] , /^ • ff = % , e, • 


ej ^ 


^f^ 



= 0, i,.? = l,...,n (9) 

We can create any nx n diagonal matrix with diagonal entries ±1 by setting Ci 
equal to either e^ or fi . A zero in the fc-th entry of the diagonal can be created 
by Cfc = efe + /fe. A non- uniform scaling followed by a unitary transformation can 
transform this diagonal matrix into any desired n x n hermitian matrix with the 
same signature and can be effected by a suitable complex linear transformation 
of the c's D 

We shall resolve both the coordinates and momenta of the point particle into 
Clifford spinors 

x-^^ = c-^ . c*^ , pj^^ =d\*d^ (10) 

but we also need the Clifford algebra to be large enough that the inner products 

C^ . d*B (11) 

are algebraically independent of x and p. This can for example be accomplished 
by enlarging C/(4, 4, R) to CZ(8, 8, M) and then generating x and p by each their 
own Cl{A, 4, R) subalgebra. This makes cud vanish. The second step is to choose 
two Clifford elements hi whose inner products with both c and d vanish, and to 
make the substitution 



„A > „A 



c — > c 



A^h,, d\^d\ + B,AK (12) 



This will only change x and p by additive matrices that will not constrain them, 
and the two matrices A and B can be adjusted to produce any desired value 



of the inner product (|lll) . The exact dimension and signature of the single- 
particle Clifford algebra is not of any importance in this paper. It only needs to 
be large enough that all inner products between the Clifford canonical variables 
are algebraically independent of each other. 

Note that c* and d^ have the same commutation properties but transform 
differently under SL{2.C) . The complex conjugation symbol * can therefore 
not be omitted, as it often is, because it specifies the commutation properties of 
the element in question. It is tacitly assumed that the inner product of elements 
of the same kind vanishes, and this will not be written out explicitly. 

The variation of a real function / which depends on c only through an 
inner product can be expressed on the form 

Sf^^,Sc^ + ^^. 6c*^ (13) 

which defines the 'derivative' of / with respect to c . This will serve as a 
convenient notation. 



3 Clifford substructure of the relativistic point 
particle 

Let the space-time coordinates and momenta of the relativistic point particle 
be resolved into Clifford spinors according to ([TU]). The equations of motion are 
obtained from the condition that the reparametrization invariant action 




l^^^dc.,^^^ (14) 

2 dT dr dr dr ^ ^ 



is stationary under arbitrary variations of c{t). The momenta conjugate to c 
are 



d* =^^ = V^(i— .^^.^)-t(^.^)^ (15) 
i9^£_ 2 dr dr dr dr dr dr dr 

dr 

and as expected, the Hamiltonian d\»-^c -\-c.c. — L vanishes. A straightforward 
calculation using the four- vector rule 

VaeV'''' = \5^aV,eV^'' (16) 

shows that the conjugate momenta d\ satisfy the constraint 

p>^ - m^ = (17) 

where p^ are the space-time momenta defined in (|10l) . This happens to be 
the same constraint as would have been obtained from the space-time action 



/ vi? dr. According to constrained dynamics, the Hamiltonian is proportional 
to the constraint 

iI(p,e(r))=e(T)(p>^-m2) (18) 

where e(r) is an einbein. This HamiUonian can also be obtained from the 
Polyakov action 



which recovers (|14p when the equations of motion for e(T) are substituted back 
into the action. The momenta conjugate to c, are 

. eir)-H'/-f . ^ ^ • ^)-^ ^ • ^ (20) 

-^ ^ ^ ^2 dr dr dr dr ' dr dr dr ^ ' 

which can be used to determine the Hamiltonian density 

H{c, d)^d\»-— + c.c. - L (21) 

where c.c. denotes the complex conjugate of the previous term and L is the 
Lagrangian in ^9]) . A straightforward calculation gives 



dc"^ . / N 13/ldc^ dc*B dcA d.c*. 



l_,A_.*s. _ _,* _,_,_4 3/1 dc^^dc*^ dcA ^dc*. 

2 dr dr dr dr 



py, ^ -d^ . d*^ dA.dl^ c{r)-i \l-^^'^^'-j^ (23) 



which, when applied to ([?!]) , yields the Hamiltonian ([T51) of constrained dynam- 
ics. Hence the first order (Hamiltonian) form of the action ([T^ is 

/ = d\< — + c.c. - H{p, e(r)) dr (24) 

This action has a global 5*27(2. C) and C/(l) gauge symmetry with the conserved 
Noether charges 

JAB = dA»CB+d*g»CA, ] = i{d\»c^ - c.c.) (25) 

To obtain the correct space-time equations of motion, it is necessary to assume 
(as an initial value condition) that they vanish 

d\*CB + d*B*CA^O (26) 

d\»c^- c.c. = (27) 



Since all skew symmetric second rank tensors are proportional to eab, (ES)) gives 

d\»CB = i^[T) eAB (28) 

with (P7)l saying that ^{t) is real. We shall refer to this condition as the 'Noether 
condition'. The canonical equations of motion are obtained by independent 
variation of c and d 

dc^ _^dH _ dH dd\_ dH _ OH ^^ 

dr - dd\- dp^/^' dr - dc^- d:,AE^ ^- "^ ^'^^ 

Taking the inner product of these equations with c*^ and d a gives 



dx^^ dH i, dp^^ dH 

dT dpAE "" dT dx^^ "" 



2- c*^.dp, -^ = -2 .c*-^.dB(=0) (30) 



which by use of the 'Noether condition' (|28|) become 

dx^^ „ dH , , dp.fy „ dH , . , ,,s ,„,x 

-^ = 2- /iT, -^ = -2-— .A^T =0 31 

"'^ "Pab ""^ dx^^ 

In the parametrization 

these equations reduce to the canonical equations of motion 



for a relativistic point particle with proper time t. This proper time is not 
defined at points where /i vanishes. There will be just one such point and it 
represents a 'turning point' where the space-time trajectory has an endpoint and 
the underlying trajectory in Clifford Space starts to reproduce it for the second 
time. From (j29p and the Hamiltonian constraint (|17p . we obtain an explicit 
expression for ^{t) 

|:M(t) = |- (id^ . c^) = e{T)m' , M(r) - J^ m'e{t) dt (34) 

Hence /^(t) is determined by the mass of the particle and the turning point tq 
of its motion. 



4 System of N particles with a U(N) symmetry 

If the Clifford algebra for a single particle is Cl{r, s, R), then N particles can be 
accommodated in Cl{Nr, Ns, K.) in such a way that all inner products between 



Clifford coordinates and momenta belonging to different particles vanish. The 
generating algebra 



e^ue*'' =5ij6pqsign{p), ef • ej = , i, j = 1, . . .iV , p,q = 1, . . . r + s (35) 
is preserved by the U{N) unitary transformation 

e^^U.hel, U,hU*h^5,j (36) 

where sign{p) denotes the sign of e^ •e*^ in the generating algebra of Cl{r, s, R). 

If we assemble the canonical variables cf and d*j^ , i — 1 . . . ,N oi the N particles 

> < 

into the ket- and bra-vectors C and Da respectively, then the corresponding 

space-time coordinates and momenta are elements of the N x N diagonal ma- 
trices 

. > <■ > < 

X^s^C^.C^, P^^^D^.Da (37) 

which trivially satisfy the commutation relations 

[X^, X"] = [P^, P.] = [X^, P,] = (38) 

The equations of motion for the N particles can be derived from the sum of the 
single-particle actions p4)) . When the particles have the same mass, this action 
can be written as 



/d > < 
Tr{— C^ • DA+c.c.-H)dT, iJ = e(T)(F^P^ - m^ • 1) (39) 

Assuming that the particles also have the same turning points and thereby the 
same /x(r), the 'Noether condition' (|28p becomes 

C^ . Db^ ii(t) 5^ ■ 1 (40) 

We observe that this A^-particle system is preserved by the global U{N) trans- 
formations 



> > 



< < 



C^^ U C^, Da-^Da C/t (41) 

which produce the similarity transformations 

X^ -^ UX'^U'' , P^ -^ UP^U^ (42) 

of the Hermitian matrices X^^ and P^ . Such transformations create off-diagonal 
entries in X and P which correspond to artificial couplings between Clifford 
coordinates and momenta belonging to different particles. 



5 Matrix Mechanics 

We have seen that N independent particles in Chfford Space leads to a unitarily 
invariant dynamical system. The reverse problem is to determine under which 
conditions such a type of system can be gauged back into a set of independent 
particles. To address this problem, we must define a unitarily invariant system 
which relaxes one or more assumptions associated with independence. A natural 
starting point is to define an action principle for the whole system which is 
equivalent to the combined action principles for the particles it contains. To this 
end, we observe that to make N single-particle actions stationary is equivalent 
to making all time-independent linear combinations of them stationary. This 
corresponds to the action 



N 



iU dr , Li = d*A*—^+ c.c. - H{p„ e(T)) (43) 

UT 



where the coefficients (j)i are arbitrary real constants, and Li are the single- 
particle Lagrangians. In section 7, the (/f's will be given a geometrical interpre- 
tation. When $ denotes the N x N diagonal matrix with (j)i along its diagonal, 
the action (|43|) can be written as 

1= fTr(<${^C^»DA+h.c.-H)\dT (44) 



where H is the Hamiltonian in (|39|) with P being diagonal. This action is 
preserved by the unitary transformation (|4ip with $ transforming according to 



$ -^ U<^U^ , $^ = $ (45) 

It will prove convenient to express this system in a 'picture'-independent form 
by turning the global U{N) symmetry into a local one. This is done by means 
of an auxiliary U{N) gauge connection F 

r ^ f/rt/t - i^c/t , f(f) = r(r)^ (46) 

dr dr 

which defines the gauge covariant derivative 

V, V^= 4- V^ -»r(T) V^, Vr V^= 4= y^ -«f (f) V^ (47) 

dr dr 

The local U{N) invariant form of the action pi)l is then 



> 



< 



I = Tr['S>{VrC'^ • Da +h.c. -H)]dT (48) 



In 1 -|-0 dimensions, F is not a dynamical field and we assume that it vanishes in 
the gauge where $ and P are diagonal. The diagonal matrices $ and P trivially 
satisfy the gauge invariant conditions 



V^$= — $-i[r,$] = (49) 

dr 

[$,PJ = (50) 

[P^,PA=^ (51) 

Conversely, these conditions ensure that the action (^S)) can be gauged back into 
631). 

Equations (|48p -(|5i p describe a general class of unitarily invariant dynamical 
systems which includes, but is not limited to, systems of independent parti- 
cles. Systems of independent particles are obtained by adding the commutation 
relations 

[X^',X'']=Q (52) 

[^^P.]=0 (53) 

which ensure that all off-diagonal entries of X and P, that is all couplings 
between different particles, can be gauged away in the same unitary frame. A 
larger family of systems is obtained by replacing (|53p with 

[X^,F,]=zA;<5^ (54) 

which is also preserved by the equations of motion. For fc 7^ 0, the couplings 
between coordinates and momenta can no longer be gauged away and we obtain 
an irreducible and infinite system of coupled particles. When X and P satisfy 
(|54p and hence are conjugate canonical variables, X diverges when P approaches 
diagonality This does not affect the action (|48|) . it being independent of X. 
The conserved SL{2.C) and U{N) Noether charges are assumed to vanish for 
all values of <&. Proceeding in the same manner as in section 3, this gives 

C^.Ds=Af(r)5^ (55) 

where M(t) is a Hermitian matrix. The assumption that all particles have 
the same mass and turning points is replaced with the assumption that M's 
eigenvalues are all equal. This reduces ((55)) to PO)) . 

The equations of motion are obtained by requiring the action (I48p to be 
stationary for all $ which satisfy (|49)) . By independent variation of C and D 
and using ()49|) . we obtain 

% > 

Taking the inner product on both sides of these equations with C and D^ and 
applying (HO)) and the reparametrization (|5^ . we obtain 



10 



ns-^{P'P^-nf-X) (58) 

Am 

For fc ^ 0, the commutation relations (|54p allow the derivatives of H to be 
written as commutators, which turn these equations into 

^rX^^'-{n,X^\, ^rP^. = \\h,P^A{=^) (59) 

In the gauge F = 0, these equations together with the commutation relations 
(|5T|) , (|52D and ([54|l are formally identical to Matrix Mechanics in the Heisenberg 
picture. In the gauge F(r) — —jM--, the commutators on the left and right hand 
sides of ([55]) cancel out and X and P become stationary. This gauge therefore 
corresponds to the Schrodinger picture. 

Note that in the classical system A; = 0, both the number of trajectories 
and the initial values of the canonical variables are arbitrary and have to be 
put in by hand, whereas in the non-classical system the canonical commutation 
relations (|54p determine both the number of trajectories (as being infinite) and 
automatically provide an infinite range of (stationary) eigenvalues. 



6 The state vector 

The multi-particle system constructed in the foregoing provides a number of 
trajectories in Clifford phase space which correspond to a variety of initial values 
of the canonical variables. Let us consider the classical system fc = 0. In the 
gauge where X is diagonal, all trajectories are decoupled from each other and 
we expect that when, for example, the space-time position a; of a particle is 
being measured at some time r, a good measurement will return a value xiij) 
belonging to one of these trajectories. Expressed in a gauge invariant manner, 
this is equivalent to saying that it will return an eigenvalue of X(t). The result 
of a measurement can be represented as a gauge invariant expectation value E 
in terms of a state vector I s > 



> > . > <. 

E{C^) =<s\ C^ , EiX^^) = E{C^) • E{C^) =< s\X^^\s > (60) 

C (t) can be expanded in terms of the Clifford coordinates Ci (t) which generate 
the eigenvalues of X 

C^ (r) = ^ I Xrir))c^{r) , c^{r) . cfir) = S^,xf^{r) (61) 
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where \xi{T)) denotes the eigenvectors of Jf (r) with eigenvalues x^{t). For 
short, we shall also refer to Ci{T) as 'eigenvalues'. It follows that, if the ex- 
pectation value E{C) is going to return the correct value Ci of a measurement, 
the state vector | s > must be set equal to the eigenvector \xi >. Conversely, 
if the expectation value coincides with an eigenvalue of X, we would expect a 
good measurement to return this value. To serve the purpose of predicting the 
outcome of future measurements, the state vector must be subject to a time 
evolution. In classical dynamics it is natural to assume that after a measure- 
ment has been performed, the expectation value must stay on the trajectory 
corresponding to this measurement. According to the foregoing, the classical 
system can be gauged into a set of decoupled trajectories with X{t) being di- 
agonal and r = . In this gauge the eigenvectors | Xi > can be chosen to be 
constants of motion and the state vector must therefore also be a constant of 
motion. This leads to the gauge invariant time evolution 

V^|s>=(-^-ir)|s>=0 (62) 

Incidentally, this time-evolution preserves the norm < s | s > of the state vec- 
tor. For the classical system, these measurement principles merely represent 
a different way of formulating the traditional initial value problem. They do, 
however, also apply to the non-classical system, irrespective of the fact that the 
way they were derived is no longer valid. In the non-classical system where X 
and P do not commute, the assumption that measurements must be expressed 
through a state vector, imposes restrictions on which type of measurements that 
can be performed. The time evolution (|5^ also holds true, as follows from the 
fact that the state vector is known to be a constant of motion in the Heisenberg 
picture F = 0. To help appreciate the difference between the classical and the 
non-classical systems, we expand the expectation value E{C) in terms of the 
'eigenvalues' Ci 

E{C^ (r)) =< s I C^ (r) =< s \ x,(r) > c^ir) (63) 

In the classical system, in the gauge F = 0, both < s \ and | Xi > are con- 
stants of motion and hence the expectation value E{C{t)) is equal to one of 
the 'eigenvalues' Ci[T). The outcome of a measurement is therefore predictable. 
This is not surprising since it was used to derive the time evolution of the state 
vector. In the non-classical system, in the gauge F = 0, the state vector is also 
stationary, but the eigenvectors | Xi > undergo a unitary time evolution. After 
a measurement has been performed, the expectation value therefore drifts into 
a complex linear combination of different 'eigenvalues' Ci{T). Accordingly, the 
outcome of a measurement is no longer predictable, but instead occurs with 
statistical frequencies given by the Born rule. 

The classical and non-classical systems are related through Ehrenfest's the- 
orem. The time evolution of the expectation value E{C) is 
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^E{C^) = (V. <s\)C^ + < s\ V. C^^ {s\ ^[H,X^^] D, 



< 



Taking the inner product of this equation with E{C-^) and using (PH)) and (|5(I)) . 
we obtain after a reparametrization the time evolution of the expectation value 
of the space-time coordinates 

±E{xn = {s\^[H,X^]\s) (65) 

This is Ehrenfest's theorem which could also have been obtained directly from 
([59]) by use of (|60p and (|62|). Note that this derivation is explicit gauge invariant 
and therefore applies to both the Heisenberg picture F = and the Schrodinger 
picture T{t) = —\'H- 

In the non-relativistic limit, the proper time r is equal to the expectation 
value of X° which represents the physical time t =< s\X^\s > 

^=<s|V7X"|s>=l <s|pO|s>«l (66) 

where we have used the time evolution of the state vector and the equations 
of motion for X^. Restricting the equations of motion ([59)) to ii — 1,2,3 , the 
Hamiltonian Ji effectively reduces to the non-relativistic Hamiltonian 

H = ^{p! + P^ + P^) (67) 

Taken together with the corresponding commutation relations, this system is 
identical to that of non-relativistic Matrix Mechanics. The Schrodinger picture 
corresponds to the non-relativistic gauge condition T{t) — ~\H which turns the 
time evolution ([62]) of the state vector into the matrix form of the Schrodinger 
equation. 

7 The relativistic string in Clifford Space 

To obtain the continuum limit of the multi-particle system constructed in section 
5, we start by mapping the generators e^ of the generating algebra (1351) for 
N — oo into the Clifford elements 

oo 

/^(a)=5]g,(a)ef (68) 

2=1 

where gi{a) are complex functions of a real parameter a. These functions are 
chosen so that / satisfies 

Fia).r'>ia') = 5nia-a')signip)SP'^, /(a) . /(a') = (69) 
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where (5„(cr), n = 1, ... is a sequence of positive even functions which converges 

to the Dirac delta function S{a) for n — >■ oo. f^{cr) can be regarded as a ket- 

> 
vector fP with a continuous index a, and correspondingly (5„(cr — a') can be 

regarded as a real symmetric matrix (5„ with continuous indices a and a' . For 

such vectors and matrices with continuous indices, we shall when convenient use 

the abstract notation of section 4 with summation replaced by integration. The 

algebra ([55]) is preserved by the 'pseudo-unitary' transformations 

F^ u F (70) 

which preserve the metric (5„ 

USnU^ = 5n (71) 

In the continuum limit n — >■ oo these pseudo-unitary transformations become 
unitary transformations. The Clifford coordinates c{t, a) are defined as integral 
transforms of / 

c^{T,<7)^la^{T,<j,a')F{<y')d<7' (72) 

and represent a string in Clifford space. The dynamics of this string will be 
derived from an action principle which is preserved by arbitrary reparametriza- 
tions (t, cr) -^ {t' ,(j'). 

It is well known that for a string which resides in Space-Time, the Lorentz 
metric rjp^u induces a metric on the worldsheet through the tangent derivatives 
daX^ . For a string which resides in Clifford Space, we use the complex vectors 

V^^a^^.c^.d^c*^ (73) 

which have the real part daX^ . These vectors induce the heriuitian tensor 

ffa^ = "C V*^M- ' alp^apc (74) 

on the Clifford worldsheet, which can be decomposed into a real symmetric 
tensor h^p and a real scalar <f> 



p ^ hap + iVh(j>eap , hap = g(ai3) , (p = h ■^€°''^gap, h = det{hap) (75) 



g"%^ = ^^, g = det{g^p)^h{l-ct>'') (76) 

The reparametrization invariant string generalization of the Polyakov point par- 
ticle action P^ . is 



3 j \j\g''Pd^c^ . dpc*B gf^d^CA . dsc*^ ^drda (77) 
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where g"^ is an inherent hermitian tensor field on the string worldsheet. To 
express this action in an exphcit covariant first order form, we use Dedonder- 
Weyl covariant canonical variables. It makes the calculations more transparent 
to define the real four-vector 

W^^ = ia^^5"^a„c^ . dpc*^ (78) 

so that the Lagrangian in (j77p can be written as 



L = 30mW;^ (79) 

The multi-momenta conjugate to c are 

BT 

d'A ^ ^(^^ = [W^W^ri^gW.a^^.g'^Pdpc*'' (80) 

which leads to the expressions 

^5a/3 d*"^ • d^'"" g^sdl* • 4 = </W^9^ (81) 



dT • a„c^ + c.c. = 4 0V^ V? (82) 



From ([81]) . ([82]) and ([79| . we obtain the Dedonder-Weyl covariant Hamiltonian 
density 

H{c, d) = dT • 5ac^ + c.c. -L^ ^9~ho.p d*""^ • d^^ g^s d*2 • d% (83) 
and hence the first order form 



1 = j d*^.d^c^ + c.c.-g-ip^^p^dTda, p^ = ^a^^g^^ d*"^ . d^^ (84) 
of the Polyakov action (|77|) . Performing the substitution 



d*^ -> ^/l^d*^ (85) 

and using (j76l) . this action can be written as 

/ = / ^/l~^{d*^ • dac"^ + c.c. - h-^p^'pf,) drda (86) 

The scalar field cj) corresponds to the coefficients (/i^ in the discrete action (P5)) . 
and the condition that they be constants of motion is replaced with the repara- 
metrization invariant condition 

^"9^0 = (87) 

where /z" is the real vector density 
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/i"^l(dr-c^ + c.c.) (88) 

The equations of motion for the momenta are 

dad*/ = (89) 

which only determine them up to an arbitrary worldsheet scalar XA 

d*/ ^ dT + e'^^dpxl (90) 



The class of solutions which correspond to the multi-particle model in section 5 

is obtainec 

condition 



is obtained by choosing XA so that d*^ satisfies the reparametrization invariant 



7*/3 



fi^ea^^d*/ = (91) 

This condition will be imposed as a constraint on the action principle with 
Lagrange multipliers A'^ 

/ ^/]~^{d*/ • d^c"^ + c.c. - h-ip^'p^) - A^ . fi^'ea^pd*^ + c.c. drda (92) 

This action is invariant under a global SL{2.C) and U{1) gauge symmetry. As 
in the foregoing, the corresponding Noether currents are assumed to vanish 



J2b - ^n^{d*/,CB+d*B",CA) = , j" = i^l^idT'c^-c.c.) = (93) 
leading to the 'Noether condition' 

dT . c^ = Ai"<5| (94) 

where /x" is the real vector density (|88p . The equations of motion are obtained 
by independent variation of d and c 

d^c^ = h-'^g^pp^^d^ + ic^(A^ . e„^<) + A^e;3„/ (95) 

aarfr = -^<A^.e^^4"^ (96) 



where we have made use of (|87)) . Taking the inner product of both sides of ((95 
with c*^ and contracting with /i", the A-terms vanish and it reduces to 



^l°'^ax^' = 2h~2h^fifj.'^^iPp'' (97) 



We observe that because of the constraint (J9T|) , the equations of motion deter- 
mine only a single directional derivative of the space-time coordinates. This is 
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what we would expect for a multi-particle system. In a domain where /z" is reg- 
ular, fj,^ can be made to vanish through a reparametrization. Any subsequent 
reparametrization of the form r — >■ f(r, a), cr ^- a{a) preserves /z^ = and can 
be chosen so that 

h'ihiihii = 1 (98) 

An easy way of seeing this is to consider the vector density 

vT = /ii(/i„^^"/)~5^^ (99) 

In the parametrization /i^ = 0, v^ does not depend on /i^. Since the weight of 
V is different from 1, there exists a reparametrization r -^ f(T, ct), a — >■ ct(<j) 
which preserves ^^ — v^ = Q and makes v^ = 1. This gives (P5)l . Note that in 
this parametrization, ([57)1 says that (f) \s a. constant of motion as in the discrete 
system. 

When /i^ = 0, then according to (|9T|) . dP vanishes too. This makes the 
equations of motion (J95|) and (|96|) reduce to 



aic^ = p^^4, p^^ = d^i.4 (100) 

did*2 = (101) 

which correspond to the action 

1^1 Vl- 02(^^1 , a^c-^ + c.c. - p^p;) drdCT (102) 

This action is the same as would have been obtained by inserting the coordinate 
conditions and the constraint (pi]) into the original action ([55]) . It is of the same 
form as the multi-particle action (|43p with summation replaced by integration. 

8 The continuum limit 

In a similar way as we did for the discrete system in section 5, we shall ex- 
press the string action (jl02p as a particular instance of an explicit unitarily 
invariant action. Besides the metric (5„, we shall also make use of the metric 
6n = (5n(0)^^(5„ which converges to the one-point indicator function /{o}- 

Let C and D be vectors with components c(cr) and d*{a). In the discrete 
system, we started out from the assumption that the matrices P and <I> were 
diagonal. In the continuous system, this will be replaced by the limit conditions 



> < 

Dj^ (r, a)» Da (t, ct') — )• dg{T, ct) • d\{T, ct)(5„(ct — ct') for n — >■ oo (103) 



$(ct,ct') -^ ^Jl-(j>{aY5n{cT-a')iQT:n^oo (104) 
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In a pseudo-unitarily invariant system, all contractions such as matrix multipli- 
cation and taking the trace must be performed with the metric (5„. It follows 
that the action 

1= I Tr ('5„$5„(^ C^ • Da +h.c. - <5„(0)i/)) dr (105) 

P^giT, a, a') =Db (r, a). Da (t, a'), H = P^S.^P^ (106) 



is preserved by the transformations (I45l) . (|4ip with U being a pseudo- unitary 
matrix satisfying (I7ip . In the continuum limit, this pseudo-unitary symmetry 
becomes a unitary one. Upon inserting the expressions (|103l) and (|104p into 
the action pOSp . we find that it converges to the string action (|102p in the 
continuum limit n -> oo. Corresponding to (|55p in the discrete system, the 
action (|105p yields the 'Noether condition' 

C^ (r, a). Db (r, a') - M{t, a, a') 5^ (107) 

where Mir) is a Hermitian matrix. This condition becomes pseudo-unitarily 
invariant by choosing M to be 

M{T,a,a')^^i\T)~6n{a-a') (108) 

Since (S„(0) = 1, the 'Noether condition' (|M)) for the string is recovered by 

setting a = a' . The canonical equations of motion are derived from the action 

> < 

(|105p by independent variation of C and D 



Taking the inner product of both sides of these equations with C and Dg, and 
applying (jlOSp . we obtain 



^ = M^(r)U„(0)|^, ^ = -^i(r)U„(0)^(=0) (110) 

Since (5„(5„(0) = 5„, then after a reparametrization ^ — 2m/i^(T), these equa- 
tions converge to the space-time canonical equations of motion 

dx>^_m dp,__dv_ ^^±p.p nil) 

df ^ dP/ df ^ dX'^^^^'' ^~2m ^ ^ ^ 

in the continuum limit n ^ oo. From this point on, the discussion is the same 
as in the discrete case. 
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9 Concluding remarks 

We have shown that the quantized free relativistic point particle is equivalent 
to a particular parametrization of a classical relativistic string in Clifford Space. 
In obtaining this result, the solutions to the equations of motion were restricted 
to those which satisfied (|?T|) . It remains to determine the physical content of 
the full dynamics of the string. 

There are good reasons to believe that a 1 + 3 dimensional Space-Time 
does not suffice to accommodate the particle physics of the Standard Model. 
The Clifford model is limited to an S0{1.3) Space-Time because it is based on 
complex-valued Weyl spinors. Since they are an integral part of the model, it 
is difficult to see how the dimension of Space-Time can be increased without 
resorting to Quaternion- or Octonion- valued spinors. For algebraic reasons [3], 
such spinors would be expected to generate an SO{1.5) and an 50(1.9) Space- 
Time respectively. 
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